A numerical modeling approach has been developed for predicting temperatures in municipal solid waste landfills. Model formulation and details of boundary conditions are described. Model performance was evaluated using field data from a landfill in Michigan, USA. The numerical approach was based on finite element analysis incorporating transient conductive heat transfer. Heat generation functions representing decomposition of wastes were empirically developed and incorporated to the formulation. Thermal properties of materials were determined using experimental testing, field observations, and data reported in literature. The boundary conditions consisted of seasonal temperature cycles at the ground surface and constant temperatures at the far-field boundary. Heat generation functions were developed sequentially using varying degrees of conceptual complexity in modeling. First a step-function was developed to represent initial (aerobic) and residual (anaerobic) conditions. Second, an exponential growth-decay function was established. Third, the function was scaled for temperature dependency. Finally, an energyexpended function was developed to simulate heat generation with waste age as a function of temperature. Results are presented and compared to field data for the temperature-dependent growth-decay functions. The formulations developed can be used for prediction of temperatures within various components of landfill systems (liner, waste mass, cover, and surrounding subgrade), determination of frost depths, and determination of heat gain due to decomposition of wastes.
Introduction
Heat generation occurs in municipal solid waste (MSW) landfills due to decomposition of the organic fraction of the waste mass. Heat is a primary byproduct of MSW landfills similar to leachate and gas. The heat generated results in long-term elevated waste temperatures with respect to local air and ground temperatures. Elevated temperatures also are observed in bottom and cover liner systems due to the heat generation from contained wastes (Yes ßiller et al., 2005 .
Temperatures influence the engineering properties of geomaterials. Temperature extremes and thermal cycles affect the integrity and durability of earthen and geosynthetic components of waste containment barrier systems (Rowe, 2005) . Temperatures also influence engineering response of wastes and decomposition of wastes (e.g., Hartz et al., 1982; Lamothe and Edgers, 1994) . Determination and prediction of temperature conditions within landfill systems are required to evaluate the coupled geotechnical performance of these facilities. Fully coupled geotechnical and thermal numerical models represent the state-of-the-art in landfill analysis.
Heat generation potential for wastes was presented in the literature including values obtained by theoretical analyses of biochemical decomposition of wastes (Pirt, 1978; Rees, 1980; El Fadel et al., 1996; Zanetti et al., 1997; Yoshida and Rowe, 2003) , values obtained by curve-fitting or back-calculation techniques applied to measured field data (Zanetti et al., 1997; Lefebvre et al., 2000; Hanson et al., 2008) , and values for incineration of wastes (Tchobanoglous et al., 1993; SFOE, 2004; Davies, 2004; Gibbs, 2004) . Heat generation due to biological processes was provided for varying phases of decomposition including aerobic phase, anaerobic phase, and total decomposition. Rates of heat generation were higher for the aerobic phase than the anaerobic phase (Yoshida and Rowe, 2003; McBean et al., 1995; Pirt, 1978) . Heat generation values were reported per mass of glucose; per mole of gas (oxygen or methane) or organic matter (cellulose) converted; and per volume or mass of waste. Rates of heat production as well as absolute magnitudes of heat production were reported. A summary of heat generation values reported in literature in terms of equivalent heat generation rate per m 3 of waste is provided in Yes ßiller et al. (2005) . The reported heat generation values cover a range extending more than 4 orders of magnitude that result from fundamental differences in formulation and the level of uncertainty in the estimated parameters. Methods for modeling heat transfer in landfill systems also have been reported (El Fadel et al., 1996; Doll, 1997; Yoshida and Rowe, 2003; Southen and Rowe, 2005; Yes ßiller et al., 2005; Hanson et al., 2008; Rowe and Hoor, 2009; Hoor and Rowe, 2011) . Doll (1997) and Southen and Rowe (2005) used simplified constant elevated temperature conditions for modeling performance of liner systems without including temporal trends resulting from heat generation due to decomposition of wastes. El Fadel et al. (1996) developed a model for predicting heat transfer in landfills that included heat generation. A simplified function was used that was correlated only to estimated values of acetic acid generation rate and losses were assumed to be linearly related to heat generation. Yoshida and Rowe (2003) developed a model that included heat generation as a function of gas production rate. Rowe and Hoor (2009) and Hoor and Rowe (2011) used simplified constant elevated liner temperatures to represent overlying waste heat generation and conducted modeling of the liner system and subgrade to determine the duration to reach steady state conditions. Yes ßiller et al. (2005) quantified heat generation as compared to unheated ambient conditions with limited heat transfer analysis. Hanson et al. (2008) provided methodology for determining heat generation using transient, nonlinear analyses.
The generally well established earth temperature theory provides a framework to model landfill heat transfer. Analytical solutions are available for thermal analysis of ground temperatures under seasonally cyclic ground surface temperature conditions incorporating amplitude decrement and phase lag with depth, frost depths, and layered systems (e.g., Carslaw and Jaeger, 1959; ORNL, 1981) . Such analyses can be adopted for thermal analysis of landfills. Modeling the heat generation associated with MSW requires functions that can be incorporated using numerical techniques such as finite element analysis (FEA) or finite difference approach.
The objectives of this paper are to outline a methodology for thermal modeling of landfill systems and demonstrate model performance. Heat generation in wastes due to decomposition was modeled with variable heat generation rate functions for waste. Progressive conceptual development of the functions is presented in this paper. Material properties, model geometry and boundary conditions, heat generation rate functions, and overall methodology for model formulation are provided. The modeling approach described in this paper allows for establishing realistic thermal service conditions for landfill systems. Verification of model performance for a landfill site in Michigan, USA also is provided.
Model formulation

Model framework
Transient nonlinear analysis was used to simulate temporal variation of waste heat generation for representative analysis of landfill thermal regime. The analysis provided in Hanson et al. (2008) was expanded upon to incorporate temperature dependency of heat generation into modeling and provide verification with field data. The temperature field was determined as a function of time in the vertical direction. For this investigation, 1-D modeling was used to represent conditions at central regions (i.e., away from perimeter boundaries) of landfills. The heat transfer is described by
where k t is the thermal conductivity (W/m K), T the temperature (°C), x the distance (m), _ q the rate of heat generation (W/m 3 ), C the volumetric heat capacity (kJ/m 3 K) [equivalent to density times mass heat capacity], and t is the time (s). The primary matrices for heat conduction are a conductivity matrix, analogous to a stiffness matrix in a structural analysis, and a heat capacity matrix, analogous to a mass matrix. The elemental stiffness matrices, nodal degrees of freedom, and nodal loads can be summed into global matrices, resulting in a final equation, which can be used to solve for all unknown nodal degrees of freedom (Cook et al., 2002) ,
where K is the global stiffness matrix (thermal conductivity), D the nodal degrees of freedom vector (temperature), R is the nodal load vector (heat flux). The analysis was formulated using finite element analysis (FEA) with a commercially available modeling program (ABAQUS version 6.10-2). A series of simulations was conducted with varying degrees of mesh refinement using element sizes ranging from 0.1 m to 6 m. An element size of 0.5 m was selected based on a relative error analysis conducted using these simulations (Cook et al., 2002) . The time step for transient analysis is in part controlled by element size, and the time step was established as 1 day for most analyses.
Material properties
For heat transfer analysis of landfills, material properties were required for the cover, waste, bottom liner, and subgrade. In particular, unit weight, thermal conductivity, and heat capacity were required. The heat transfer analysis provided herein was conducted using data from a MSW landfill located in Michigan, USA. The site has been extensively instrumented and characterized for thermal response (e.g., Yes ßiller et al., 2005; Hanson et al., 2010) . Operational conditions for the site included: design waste placement area = 65 ha, average waste intake rate = 965,000 t/year, and waste placement rate = 24 m/year. The site began accepting waste in 1984. The site is located in a cool temperate zone, with humid continental temperate climate (Landsberg et al., 1966) . Climatic details included: average daily temperature = 14.7°C, annual normal precipitation = 835 mm, annual normal snowfall = 1046 mm, and mean annual earth temperature = 12.3°C. Additional details regarding operational and climatic conditions at the site were provided in Yes ßiller et al. (2005) .
Weight-volume relations of the soils were determined using site records. Fractions of constituent components of the wastes were obtained from U.S. EPA (2003) for disposed wastes. The U.S. EPA data provided generalized values for waste composition for numerical analysis as detailed characterization of waste composition at the study site was beyond the scope of the investigation. The waste components, fractions, and mass heat capacities for individual components are provided in Table 1 . Material properties required for thermal analysis are provided in Table 2 . Unit weight (c) was determined using operational records for earthen barrier materials, wastes, and native subgrade soils at the site. Thermal conductivity (k t ) was determined using laboratory and field thermal conductivity probe experiments (Hanson et al., 2000) and using data from literature (e.g., Andersland and Ladanyi, 2003) . Volumetric heat capacity (C) was calculated by summing heat capacity of individual components of the materials to provide a weighted average. Thermal diffusivity (a) was calculated as the quotient of thermal conductivity and volumetric heat capacity. In general, both k t and C (for wastes and soils) increase with increasing unit weight and moisture content. Thermal properties for three other landfills located in different climatic regions were presented by Hanson et al. (2008) , which can be used for heat transfer analysis at landfills in different settings.
Boundary conditions
Boundary conditions required in modeling landfill heat transfer consisted of far field boundary at depth and the ground surface boundary. The far field boundary was established 75 m below the bottom liner. This depth was determined by analyzing the temperature response of different model geometries using increasingly greater depths. Simulations were conducted using variable depths below a liner system maintained at a constant temperature of 30°C, consistent with long-term stable field measurements in a liner system (Hanson et al., 2010) . Simulations were conducted for depths below bottom liner system ranging from 10 to 200 m for 30-year simulation periods. The 75 m distance from the liner to the bottom boundary was determined as the first depth at which the differential in model temperatures between the simulation for 200 m boundary and the nearer boundary was less than 0.1°C. The far field boundary was fixed at the mean annual earth temperature. The mean annual earth temperature was obtained using field measurements from control locations at a distance from the waste mass in combination with data from literature for groundwater temperatures (e.g., ORNL, 1981).
The ground surface boundary for landfills is highly complicated to define due to the coupled influence of climatological effects (wind, precipitation, moisture evaporation, solar radiation), surface conditions (ground material type, snow cover), and heat gain from decomposition of underlying wastes. A common approach to obtain ground surface temperatures is to modify air temperatures to account for radiation absorption and emission effects using ground surface freezing and thawing n-factors (Andersland and Ladanyi, 2003) . Freezing or thawing indices represent the area bound by the temperature-time curve and the 0°C baseline (area below 0°C for freezing, area above 0°C for thawing). The n-factors are determined as the quotient of paired surface and air indices for freeze or thaw. These factors are typically applied on a seasonal basis to provide idealized sinusoidal annual ground surface temperature fluctuations. Surface n-factors are affected by climatic and ground surface conditions.
Well established surface n-factors generally have not been reported for landfill conditions. For model formulation, ground surface temperatures were determined based on an analysis of ground surface and near-surface temperatures measured at landfill sites using data presented in Yes ßiller et al. (2008) . Measured ground surface temperatures were highly variable due to surface weather effects and measurement frequency. Therefore, measured near surface temperature extremes (i.e., maximum and minimum ground temperatures obtained from sensors placed at depths ranging from 0.15 to 2 m) were extrapolated upward to obtain an idealized ground surface temperature function at the test site . The resulting idealized sinusoidal ground surface temperatures were used with measured air temperatures to back-calculate n-factors for the site by applying conventional 30-year definition (Andersland and Ladanyi, 2003) . These n-factors were applied for converting air temperatures to ground surface temperatures for landfill conditions at the test site. Surface n-factors for landfills in different climatic regions are provided in Yes ßiller et al. (2008), which can be used for heat transfer analysis of landfills in different settings. For all ground surface temperature waves, a phase lag of p/4 was applied (Carslaw and Jaeger, 1959) , such that the warmest surface temperature occurred 45.6 days after the summer solstice. A summary of the parameters used for boundary conditions is presented in Table 3 .
Geometry
The model development accounted for containment system geometry progression with time (an excavated landfill cell below grade, placement of bottom liner, waste filling, and installation of landfill cover). Thermal properties corresponding to the different layers presented in Table 2 were used. Chronologically, first the excavated landfill cell was modeled. The initial temperature of native subgrade soil (from bottom liner system to the far-field boundary) was uniformly set to the mean annual earth temperature. The model was then allowed to run under application of the idealized ground surface temperature function for the soil. The Fig. 1 . The waste was placed at a temperature equal to average daily air temperature on the day of placement based on field measurements of temperatures of as-delivered wastes. Next, the idealized seasonal surface temperature wave was applied to the waste surface. Heat generation functions were applied sequentially with waste placement to the entire column of waste (i.e., by keeping track of the wastes placed at various elevations and corresponding starting times for initiation of heat generation). Fourth, the installation of cover system (either interim or final cover) was modeled. Based on thickness obtained from site records, a 1 m thick cover system representative of soil and geosynthetics was used. The initial temperature of the cover materials was assumed to be equal to the ground surface temperature on the day of installation. Then, the idealized seasonal surface temperature wave was then applied to the cover to simulate temperatures over the long term.
Heat generation rate functions
The heat generation rate functions were developed empirically, whereas the general heat transfer and associated boundary conditions were mechanistic. The functions varied with waste age wherein heat generation rate was typically relatively high for young wastes and low for old wastes Liu, 2007) . The heat generation rate functions were formulated to account for net heat gain due to decomposition under normal landfill operations. The functions therefore accounted for thermal losses such as convective heat flow due to leachate migration and removal. Heat generation functions were developed in increasing degrees of complexity including a step function model, an exponential growth-decay model, a temperature-dependent exponential growth-decay model, and a coupled temperature/waste-age dependent (i.e., energy expended) model. The model parameters for the heat generation functions were established for the test site using longstanding data that have been obtained from this landfill since 1999. Preliminary versions of the step and exponential growth-decay models were presented in Hanson et al. (2008) . These models are reviewed herein for completeness of the presentation of the numerical analysis methodology.
Initially, a step-function was used to model heat generation rate in wastes due to aerobic and anaerobic decomposition . In this formulation it was assumed that the initial aerobic phase occurred during the first 4 months subsequent to placement of waste. Then, the waste entered the anaerobic phase and remained under this condition for the balance of the analysis. The 4-month period was selected for the aerobic phase based on the analysis of gas concentration data from field measurements at the study site Liu, 2007) . The resulting values for aerobic and anaerobic heat generation rates at the landfill were 11.3 and 0.38 W/m 3 , respectively. Next, a more complex exponential growth and decay function (Eq. (3)) was used for modeling heat generation (adapted from Hanson et al., 2008) . The format of Eq. (3) was developed independently to provide more realistic representation of waste decomposition than a step function. The function resulted in growth of heat generation rate to a peak value followed by an exponential decay (Fig. 2) . The constants (A, B t , C t , and D) control the peak value, the shape of the peak, and the rate of decay.
where H is the heat generation rate (W/m 3 ), t the time (day), A the peak heat generation rate factor (W/m 3 ), B t , C t the shape factors (day), and D is the decay rate factor (day).
The exponential growth and decay heat generation rate function (Fig. 2) was then scaled for temperature dependence of heat generation. Peak heat generation, determined directly from Eq. (3), was used when the waste temperatures were in the range of 30-50°C. For waste temperatures above (extending from 50°C up to 80°C) and below (extending from 30°C down to 0°C) this range, a linear ramped function was used. For waste temperatures below 0°C and above 80°C, zero heat generation was prescribed. The result of the temperature dependency is a dual-ramped function as presented in Fig. 3 . When combined with the exponential growth and decay heat generation rate function, a 3-D plot results as presented in Fig. 4 . Parameters were determined using best fit nonlinear regressions with field data from the landfill.
Finally, energy-expended based heat generation functions were developed conceptually to provide broader application of the modeling methodology and avoid potential numerical inconsistencies. Fig. 1 . Model geometry. Fig. 2 . Exponential growth and decay heat generation function.
The basic framework for the energy-expended based functions was the time-based exponential growth and decay heat generation rate functions. Two major modifications were made to this formulation to establish temperature-dependency of the heat generation functions. First, the functions were translated from a time domain to an energy-expended domain by integrating the heat generation rate versus time function with time using piecewise integration through equation solver software. The total area under the time based heat generation rate function is equivalent to the x-intercept on the energy expended function. The basic 2-D energy expended heat generation rate function is presented in Fig. 5 . Second, a similar conversion that was used for the time-based function to provide temperature dependency using dual-ramped functions is made to broaden model applicability. With these modifications, instead of monitoring time (i.e., waste age) to determine incremental heat generation rate, the accumulated energy expended up to a specific time step is monitored. Such a translation provides for a function in which each progressive time step results in monotonic progress along the function surface. Expended energy formulation was developed to progress through variable scenarios of temperature and heat generation response without numerical inconsistencies. Without such a change to the formulations, an invalid heat generation response is possible (requiring going back in time to reach higher levels of heat generation associated with optimal temperature conditions). The timebased temperature-dependent (Fig. 4) heat generation rate function may cause numerical inconsistencies with expected behavior for a variety of situations as the model is applied to different climatic regions.
An example of a case where inconsistencies would arise is a cold climate for which heat generation does not initiate for several years and waste remains at relatively low temperatures for extended periods of time (Hanson et al., 2006) . In a simulation using time domain heat generation rate function, the peak heat generation rate would potentially be bypassed as time is continually progressing forward. To capture peak heat generation rate, the model would have to revert back in time, which cannot be numerically accomplished in an efficient manner. By converting to an energyexpended (in place of time) domain, the waste heat generation for this same example remains at low temperature and low heat generation rates during the early (i.e., cold) years of the simulation. As heat generation occurs, the model progresses forward with expended energy and it becomes possible to properly model the heat generation in the system with time.
Model validation
Modeling was conducted using the material properties, geometries, and boundary conditions described above. Results are provided for modeling conducted using the dual-ramped, time-based heat generation function herein (i.e., Fig. 4) . A summary of results for the step and growth-decay functions were provided elsewhere . The prevailing operational and climatic conditions at the Michigan site did not warrant the use of energy expended function (this function will be used for a cold regions site in further modeling). The dual ramped heat generation functions were developed using data from Cells D and B at the landfill. These cells represent dissimilar conditions at the site and demonstrate variability in heat generation that may result at a given site. Cell D contained predominantly curbside waste (i.e., conventional residential MSW) whereas Cell B contained a higher ratio of construction and demolition waste. No leachate recirculation was applied at Cell D whereas leachate recirculation was applied regularly during early years at Cell B (completed prior to monitoring period presented herein).
Temperature data were collected in Cell D since the onset of waste placement. Temperature sensors were placed in horizontal arrays in trenches within the waste mass as the elevation of the waste mass increased from 0 m to 31.5 m (as described in Hanson et al. (2010) ). Five total sensors were used to monitor the vertical profile of waste temperatures near the center of the cell. For Cell B, temperature sensors were placed 5 years after initial waste placement as a vertical array extending 13 m deep into the waste mass with a total thickness of 33 m. Thirteen total sensors (with Fig. 3 . Dual ramped scaling function. A timeframe of 5 years of monitoring (corresponding to 0-5 years since initial waste placement) was used for the model validation at Cell D and a timeframe of 4 years of monitoring (corresponding to 5-9 years since initial waste placement) was used for the model validation at Cell B. Parameters for the dual-ramped time-based heat generation functions were established using best-fit nonlinear regression analysis of field data. The resulting parameters for Cells D and B are presented in Table 4 . The resulting time-based heat generation rate functions are presented in Fig. 6 . The different shapes of heat generation functions used were reflective of operational conditions (i.e., waste composition and presence of leachate recirculation) for the cells. As site records were not complete in terms of waste composition and quantities of liquids on a cell-by-cell basis, the waste composition and presence of leachate recirculation were built into the empirically developed heat generation rate functions rather than modeled directly mechanistically.
The results of the model development and model validation analyses are provided in Figs. 7 (newly placed wastes, Cell D) and Fig. 8 (relatively older wastes, Cell B) . The lengths provided on the plots after cell designation refer to depth below ground surface for a given temperature sensor. In general, the trends in modeled and measured temperatures versus time were similar for the range of waste age and waste depth used for comparison. Damping of seasonal temperature variations with depth, phase lag with depth, and onset and presence of heat gain due to waste decomposition were captured by the modeling. The modeled temperatures were generally within ±5°C of measured temperatures throughout the entire depth of the landfill with the majority of the data within ±2°C of measured temperatures. Model performance was generally better at greater depths, with most pronounced variation from the field data observed at relatively shallow depths.
Model results with depth are presented in Fig. 9 . Bold lines represent the limiting temperature envelope (i.e., maximum and minimum temperatures at given depths) obtained from the modeling. Fine lines represent isochrones (i.e., temperature profile with depth for a given date) for measured field temperatures. Model temperatures with depth at Cell D had higher localized variability than those for Cell B. This is due to the period used for comparison to field data. The high variability in waste surface conditions during placement resulted in high variability in the field data obtained from Cell D. Data collection and simulation durations at Cell B represented conditions subsequent to waste placement (i.e., waste height reaching final elevation). Therefore, at Cell B, higher variability in data was present near the permanent ground surface (i.e., top of waste mass) than at depth where relatively stable elevated temperatures had been reached. Overall, the main trends of temperature variation with depth including high temperature variation near the surface, elevated stable temperatures with less variability at central depths, and somewhat elevated stable temperatures at great depth were captured by the model. An analysis was conducted to determine the fraction of field data contained within the limiting temperature envelope obtained from the modeling. For Cell D, 56% of the field data was contained within the simulation envelope and for Cell B, 87% of the field data was contained within the simulation envelope. Approximately 74% and 94% of the field data were contained within envelopes extended ±2°C from the maximum and minimum envelopes presented in Fig. 9 for Cells B and D, respectively. The simulated and measured temperatures were higher at Cell B than at Cell D. Maximum simulated temperatures at central depths reached approximately 42°C for Cell D and approximately 56°C for Cell B.
The framework described in this paper can be used to predict heat generation and resulting temperatures in landfills. Such modeling provides for realistic thermal conditions for analysis of properties, response, and performance of waste containment facilities for mechanical stability as well as biochemical conditions. The energy expended based function is useful for less common operational and climatic conditions. Further analysis is underway to validate this approach.
Conclusions
Numerical modeling of temperatures in landfills requires transient, nonlinear analysis to account for complex boundary conditions and temporal trends. Heat generation rate functions of variable complexity were developed empirically that provided temporal trends in heat generation of wastes due to biological decomposition including: step function (aerobic/anaerobic), exponential growth/decay function, temperature-dependent exponential growth/decay function, and energy-expended-based function.
The temperature-dependent exponential-decay (i.e., timebased) formulation of heat generation for wastes was applied to a field site and analyzed. The peak heat generation rates were 1.52 and 1.16 W/m 3 , the time for peak heat generation was 87 and 360 days, and total energy expended was 104 and 174 MJ/m 3 for the baseline functions at Cells D and B at the site, respectively. The variability in heat generation functions resulted in different simulated temperature profiles for Cells D and B. The overall variability of temperatures was greater at Cell D with newer wastes than at Cell B with older wastes. Maximum simulated temperatures at central depths reached approximately 42°C for Cell D and approximately 56°C for Cell B. The model temperatures were within ±2°C to ±5°C of the measured temperatures. Thermal response including damping of seasonal temperature variations with depth, phase lag with depth, and onset and presence of heat gain due to waste decomposition were captured by the model. The model framework described herein can be used for developing formulations for prediction of temperatures within various components of landfill systems (liner, waste mass, cover, and surrounding subgrade), and determination of net heat gain due to decomposition of wastes. The numerical tool described in this paper can assist in providing realistic conditions for analysis of response and behavior of material components as well as response of overall systems for waste containment facilities.
